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The supersymmetrization of curvature squared terms is important in the study of the low-energy
limit of compactified superstrings where a distinguished role is played by the Gauss-Bonnet combi-
nation, which is ghost-free. In this letter, we construct its off-shell N = (1, 0) supersymmetrization
in six dimensions for the first time. By studying this invariant together with the supersymmet-
ric Einstein-Hilbert term we confirm and extend known results of the α′-corrected string theory
compactified to six dimensions. Finally, we analyze the spectrum about the AdS3 × S
3 solution.
Introduction.—Six-dimensional (6D) supergravities are
of considerable interest for numerous reasons that are
rooted in their connection to superstring theory. This
connection often guarantees improved quantum behav-
ior for such theories. For instance, 6D anomaly-free
matter-coupled models are known to arise from T4 or
K3 compactification of heterotic or type II string theo-
ries [1, 2], see also [3]. Another noteworthy model, the
Salam-Sezgin model [4], which has been found to have
an M/string theory origin [5], admits a unique super-
symmetric M4×S2 vacuum [6] that may have interesting
phenomenological applications [7–10].
Supergravity models in 6D also play an important role
in the AdS3/CFT2 correspondence and BTZ black hole
microstate counting since the ungauged theory accommo-
dates a supersymmetric AdS3×S3 solution [11, 12]. How-
ever, precision tests of holography often require knowl-
edge of supersymmetric higher order curvature invari-
ants, motivating the need for their construction.
Higher order curvature terms are also important in
string theory where the corrections take the form of an
infinite series constrained by the on-shell supersymmetry
order by order in the string tension α′. Upon reduction to
six dimensions, where an off-shell formulation of super-
gravity is available, exact higher curvature invariants can
be systematically constructed. The leading corrections
come from curvature squared terms in which the Gauss-
Bonnet (GB) combinationRµνρσRµνρσ−4RµνRµν+R2 =
6R[µν
µνRρσ]
ρσ is singled out as it is ghost free, and
its equations of motion are second order in derivatives
[13, 14]. These features facilitate the study of exact solu-
tions and significantly simplifies the computation of phys-
ical quantities.
The purely gravitational higher curvature terms are re-
lated by supersymmetry to contributions depending on
p-forms. These terms, that have not yet been systemati-
cally analyzed in the literature, play an important role in
understanding the moduli in compactified string theory
and the low-energy description of string dualities; see,
e. g., [15–17].
The construction of the GB supergravity invariant can
be achieved using off-shell techniques for D ≤ 6. Their
construction in 4D and 5D were presented in [18, 19] and
[20–22], respectively, while for the 6D case only partial
results were obtained 30 years ago [23–26]. In this work
we complete the construction of the 6D off-shell N =
(1, 0) GB term utilizing the techniques of [27–29].
A major advantage of an off-shell formulation is
that the supersymmetry transformations do not receive
higher-order corrections. It also allows one to easily com-
bine separate Lagrangians. In fact, by adding the off-
shell supersymmetric Einstein-Hilbert term of [27] to our
GB invariant we obtain an off–shell completion of the 6D
Einstein-Gauss-Bonnet supergravity action originally de-
rived in [17] by using the heterotic/IIA duality reduced
to 6D N = (1, 1), see also [30], and by truncating to the
NSNS N = (1, 0) sector. We conclude by analyzing the
α′-corrected spectrum of fluctuations around the super-
symmetric AdS3 × S3 solution.
New supergravity invariants.—To begin with, we
briefly summarize the field content of the standard Weyl
multiplet of N = (1, 0) conformal supergravity in six
dimensions [27]. This consists of 40 + 40 bosonic and
fermionic off-shell degrees of freedom. In the following
we use the conventions of [31, 32] with the exception of a
sign difference in the parity transformation. We denote
spacetime indices by µ, ν, . . ., tangent space indices by
a, b, . . . and SU(2) indices by i, j, . . . Among the bosonic
fields are the sechsbein eµ
a, SU(2) gauge fields Vµi
j and a
gauge field bµ associated with dilatations. Furthermore,
there are two composite bosonic gauge fields, namely the
spin connection ωµ
ab and the gauge field fµ
a associated
with conformal boosts. In addition to the gauge connec-
tions, the bosonic content of the standard Weyl multi-
plet comprises of an anti-self-dual tensor T−abc and a real
scalar D as covariant matter fields. The fermions con-
sist of the gravitini ψµi that are the gauge fields of Q-
supersymmetry, a composite gauge field φµ
i associated
with S-supersymmetry, and a chiral fermion χi. In what
follows, we will suppress the fermionic terms and we will
refrain from discussing the superconformal transforma-
tions of the various fields in any detail, which are sum-
marized in [31].
To describe curvature squared terms, we will make use
2of a variant 40+40 multiplet of conformal supergravity,
known as the dilaton-Weyl multiplet [27]. This is ob-
tained by coupling the standard Weyl multiplet to a ten-
sor multiplet. The independent connections remain the
same as in the standard Weyl multiplet but the covariant
matter fields are exchanged with those of the tensor mul-
tiplet, which include a scalar field σ, a gauge two-form
Bµν and a spinor ψ
i among its component fields. Upon
doing so the bosonic covariant fields of the standardWeyl
multiplet are then expressed as
T−abc =
1
2σH
−
abc, (1a)
D = 154σ
(
D
a
Daσ +
1
5Rσ +
1
3T
−
abcH
abc
)
+ f.t., (1b)
where “f.t.” stands for neglected fermionic terms and
H−abc denotes the anti-self-dual part of the three-form field
strength Habc = 3ea
µeb
νec
ρ∂[µBνρ]. Here we have made
use of the covariant derivative
Da = ea
µ
(
∂µ − 12ωµbcMbc − bµD− VµijUji
)
, (2)
where Mab, D, and Ui
j are the Lorentz, dilatation, and
SU(2) generators, respectively. The Lorentz curvature is
given by Rµν
cd = Rµν
cd(ω) := 2∂[µων]
cd + 2ω[µ
ceων]e
d,
where ωµ
cd = ω(e)µ
cd+2eµ
[cbd] is the Lorentz connection
and ω(e)µ
cd is the usual torsion-free spin connection. The
dilatation connection bµ is pure gauge [27], and we will al-
ways consider it set to zero. Besides the Riemann tensor
Rab
cd := Rab
cd(ω), we also use the tensors Ra
b = Rac
bc
and R = Rab
ab, which coincide with the Ricci and scalar
curvature tensors, respectively. Note that, by using the
mapping (1), every invariant involving a coupling to the
standard Weyl multiplet can be directly converted to one
in terms of the dilaton-Weyl multiplet.
In three, four, and five dimensions with eight super-
charges, a special role is played by the linear multi-
plet action principle coupled to supergravity [33–35]. It
schematically represents an action based on the product
of a linear and a vector multiplet and describes supersym-
metric extensions of Bd−2∧F2 invariants in d-dimensions
with F2 a closed two-form and Bd−2 an unconstrained
(d−2)-form. Although this action principle also exists for
(1, 0) superconformal symmetry in six dimensions and,
in fact, was the main building block for superconformal
invariants in [27], there is also another possibility. As
shown in [28], one can generate an action principle that
is schematically the product of the tensor multiplet and a
four-form multiplet, which is the supersymmetric exten-
sion ofB2∧H4. In components the associated Lagrangian
takes the form
e−1LB2∧H4 = 14BabCab − 14σC + f.t. (3)
Here Cab = − 14!εabcdefHcdef is the Hodge dual of a closed
four-form, dH4 = 0, and C is a real scalar field. The fields
Cab =
1
12 Q¯iγ[aQjB
ij
b] and C =
1
12 Q¯iγ
aQjB
ij
a of dimen-
sion 4 are descendant components of the four-form mul-
tiplet [37] which are defined in terms of a primary field
Bija = B
(ij)
a of dimension 3 (see also [28, 29]), and Qi are
the Q-supercharges. The density formula (3), which ex-
tends the one first introduced to describe the rigid super-
symmetric Yang-Mills action [38], is the building block
for constructing the curvature squared invariants in this
letter.
Recently, a particular composite four-form multiplet
defined solely using the fields of the standard Weyl mul-
tiplet has been constructed in [28]. It was used to
describe an N = (1, 0) conformal supergravity action
[28, 29]. The primary dimension 3 field of this mul-
tiplet has the form Bija =
1
4T
−
abc F
bc ij + f.t., where
Fµν
kl := 2∂[µVν]
kl− 2V[µp(kVν]pl) denotes the SU(2) cur-
vature. The C and Cab components of this composite
multiplet were worked out in [29]. Plugging these results
into (3) gives the new invariant
e−1Lnew = 132
{
σCab
cdCcd
ab − 3σFabijF abij + 415σD2 − 8σT−dab
(
DdD
cT−abc +
1
2Rd
cT−abc
)
+ 4σ(DcT
−abc)DdT−abd
+ 4σT−abcT−ab
dT−ef cT−efd − 845HabcT−abcD + 2HabcCabdeT−cde + 4HabcT−d abDeT−cde
− 43HabcT−deaT−bcfT−def − 14εabcdefBab
(
Ccd
ghCefgh − FcdijFef ij
)}
+ f.t. (4)
Here Cab
cd is the Weyl tensor and (1) holds in (4). The
fermionic extension of (4) will appear in [36].
A supersymmetric extension of the Riemann curvature
squared term was constructed in [23–26]. This was based
on the action for a Yang-Mills multiplet coupled to con-
formal supergravity [27] and exploiting the feature that
in the gauge
σ = 1, bµ = 0, ψ
i = 0, (5)
the dilaton-Weyl multiplet can be mapped to a Yang-
Mills vector multiplet taking values in the 6D Lorentz
algebra [23]. It turns out that both the Yang-Mills and
the supersymmetric Riemann squared invariants can be
constructed by using the B2 ∧ H4 density formula to-
gether with appropriately chosen composite four-form
multiplets. In superspace these were described in Sec. 6
of [29] from which their component actions can be readily
3obtained. For the purpose of this letter, it is enough to
present the bosonic part of the Riemann squared invari-
ants in the gauge (5), which takes the form
e−1LRiem2 = −4F abijFabij +Rabcd(ω−)Rab cd(ω−)
− 14εabcdefBabRcdgh(ω−)Ref gh(ω−) + f.t. (6)
Here Rab
cd(ω−) is the torsionful Lorentz curvature de-
fined in terms of the modified connection
ω±µcd := ωµcd ± 12eµaHacd (7)
and it is such that
Rab
cd(ω±) = Rabcd ±D[aHb]cd − 12He[a[cHb]d]e. (8)
As noted in [23], it is straightforward to restore a general
gauge and undo the condition (5).
Now that we have described the new curvature squared
invariant, we are ready to describe an off-shell extension
of the 6D Gauss-Bonnet combination. It suffices to take
the following combination of the Riemann squared and
the new invariant
LGB = −3LRiem2 + 128Lnew. (9)
For the applications in this letter we will use the Gauss-
Bonnet invariant in the gauge (5). Making use of (1) and
(5) together with (8), (9) takes the form
e−1LGB = 6R[µνµν(ω+)Rρσ]ρσ(ω+) + 23R(ω+)H2
− 4Rµν(ω+)H2µν + 4Rµνρσ(ω+)HµραHνσα
+ 19 (H
2)2 − 23H4 + ǫµνρσλτBµνFρσijFλτ ij
+ 14ǫ
µνρσλτBµνRρσ
α
β(ω+)Rλτ
β
α(ω+) + f.t., (10)
where H4 := HµνσHρλ
σHµρδHνλδ, H
2
µν := Hµ
ρσHνρσ
and H2 := HµνρH
µνρ.
It is important to note that the B-field dependence
of the supersymmetric GB invariant cannot be captured
solely by a torsionful connection. This explains the pre-
vious unsuccessful attempts at the supersymmetrization
of the 6D GB action [23, 24] where only the first and last
two terms in (10) appeared in the bosonic part of the
invariant. It is worth remarking that the off-shell GB ac-
tion does not contain higher-order kinetic terms for the
massless supermultiplet of the two-derivative theory and
the kinetic term for the SU(2) gauge fields Vµ
ij drops
out.
On-Shell Einstein-Gauss-Bonnet Supergravity.—Now
let us study a certain linear combination of the Einstein-
Hilbert (EH) and GB invariants which we refer to as
Einstein-Gauss-Bonnet supergravity. In contrast, to the
GB invariant which is based solely on the dilaton-Weyl
multiplet, the Einstein-Hilbert invariant requires a com-
pensating multiplet, which we choose to be the linear
multiplet [27, 31]. It consists of an SU(2) triplet of scalars
Lij , a constrained vector field Ea, and an SU(2) Majo-
rana spinor ϕi. Adopting the gauge (5) together with the
SU(2)→ U(1) gauge fixing conditions
Lij =
1√
2
δijL, V
ij
µ = V
′
µ
ij + 12δ
ijVµ, (11)
where L2 = LijL
ij , the EH action takes the form [32]
e−1LEH = LR+ L−1∂µL∂µL− 112LHµνρHµνρ
+2LV ′ijµ V
′µ
ij − 12L−1EµEµ +
√
2EµVµ. (12)
The off-shell Einstein-Gauss-Bonnet supergravity is de-
fined by the Lagrangian
2κ2L = LEH + 116α′LGB. (13)
The solution Vµ
ij = Eµ = 0 is consistent with the equa-
tions of motion for the fields (Vµ
ij , Eµ). Setting L = e
−2υ
and pulling out most of the dependence on the three-form
H3, we obtain the Lagrangian for the on-shell Einstein-
Gauss-Bonnet supergravity
2κ2e−1L = e−2υ[R+ 4∂µυ∂µυ − 112HµνρHµνρ]
+ 116α
′
[
6R[µν
µνRρσ]
ρσ + 16RH
2 −RµνH2µν + 524H4
+ 12RµνρσH
µνλHρσλ +
1
144 (H
2)2 − 18 (H2µν)2
+ 14ǫ
µνρσλτBµνRρσ
α
β(ω+)Rλτ
β
α(ω+)
]
+ f.t. (14)
This result has a remarkable feature. In [17], it was con-
jectured that for the type II string, the B-field depen-
dence in R4 corrections is nearly completely captured in
terms of the torsionful Riemann tensor (8) (except for
the CP-odd sector). The claim was further studied by
fixing the one-loop four-derivative corrections in six di-
mensions by means of a K3 reduction of type IIA and re-
quiring that the dyonic string remains a solution, as well
as the duality of this model to heterotic strings compact-
ified on T4. Here we provided an alternative derivation
of the four-derivative corrections by the exact supersym-
metrization of the curvature squared invariants. Our re-
sult for the on-shell Einstein-Gauss-Bonnet supergravity
precisely matches [17], thereby providing strong evidence
for the conjecture put forward there.
AdS3×S3 solution and spectrum.—It is known that the
6D two-derivative supergravities admit a supersymmetric
AdS3×S3 solution where the nonvanishing fields are given
by
ds26 = ̺
2(ds2AdS3 + ds
2
S3),
H3 = 2̺
−1(ΩAdS3 − ΩS3), L = 1, (15)
where ds2AdS3 and ds
2
S3 refer to the metrics on the unit
radius of AdS3 and S
3, respectively, ΩAdS3 and ΩS3 de-
note their volume forms, and ̺ is the constant curvature
radius. This solution arises as the near horizon limit of
dyonic strings. Similar to the AdS5× S5 solution in type
IIB [39], the AdS3 × S3 metric has vanishing Weyl ten-
sor and scalar curvature [40]. One can show that the
4AdS3 × S3 solution in eq. (15) is also a solution of the
Einstein-Gauss-Bonnet supergravity. The spectrum of
the two-derivative theory (12) has been studied before
in various works [11, 41, 42]. It contains only the short
multiplets of SU(1, 1|2) dressed by the irreducible rep-
resentations of the extra SL(2,R) × SU(2), since the to-
tal isometry group associated with the supersymmetric
AdS3 × S3 vacuum is SU(1, 1|2) × SL(2,R) × SU(2). A
short multiplet of SU(1, 1|2) has the structure
(h, j)⊕ 2× (h+ 12 , j − 12 )⊕ (h+ 1, j − 1), h = j, (16)
where h and j label the representations of the SL(2,R)×
SU(2) bosonic subgroup inside SU(1, 1|2). The irre-
ducible representations of the extra SL(2,R) × SU(2)
group are labeled by (h¯, j¯). All together, we use
DS(h¯,j¯)(h, j)S to denote a short multiplet of SU(1, 1|2)×
SL(2,R) × SU(2). The spectrum of the two-derivative
theory (12) consists of eight infinite towers of short mul-
tiplets, each of which is labeled by an integer ℓ ≥ 0
DS(
ℓ+3
2 ,
ℓ+3
2 )
(
ℓ+1
2 ,
ℓ+1
2
)
S
, 2×DS( ℓ2+2, ℓ2 )
(
ℓ+2
2 ,
ℓ+2
2
)
S
,
DS(
ℓ+1
2 ,
ℓ+1
2 )
(
ℓ+3
2 ,
ℓ+3
2
)
S
, DS(
ℓ
2+2,
ℓ
2 )
(
ℓ+4
2 ,
ℓ+4
2
)
S
,
2×DS( ℓ2+1, ℓ2+1)
(
ℓ+2
2 ,
ℓ+2
2
)
S
, DS(
ℓ
2+2,
ℓ
2 )
(
ℓ
2 ,
ℓ
2
)
S
. (17)
At each level ℓ, the spectrum contains 16+16 degrees
of freedom which is the same as the spectrum around
supersymmetric Minkowski6.
Generic SU(1, 1|2) long multiplets have the form [11]
(h, j)⊕ 2× (h+ 12 , j − 12 )⊕ (h+ 1, j − 1)⊕
(h+ 12 , j +
1
2 )⊕ 2× (h+ 1, j)⊕ (h+ 32 , j − 12 ). (18)
Our analysis shows that the linearized spectrum around
AdS3 × S3 of the action (13) contains, in addition to the
eight infinite towers of short multiplets (17), four long
multiplets whose AdS energies are independent of the
Kaluza-Klein (KK) level ℓ, with ℓ ≥ 0,
DS(
̺2
α′
, ℓ
2
)
(
̺2
α′
+ 12 ,
ℓ+1
2
)
L
, DS
(1−̺
2
α′
,
ℓ
2 )
(
− ̺2
α′
− 1, ℓ2
)
L
,
DS(1−
̺2
α′
,
ℓ
2 )
(
− ̺2
α′
− 12 , ℓ+12
)
L
, DS(
̺2
α′
,
ℓ
2 )
(
̺2
α′
, ℓ2
)
L
, (19)
where we have set κ2 = 1 in (13). It should be empha-
sized that the auxiliary vector V ijµ has an important role
in the analysis of the spectrum around AdS3 × S3. Its
KK massive states get reorganized into different multi-
plets. This would be impossible if one were considering
the on-shell Gauss-Bonnet invariant (14) where V ijµ = 0.
The fact that all the states in our previous analysis fit
into multiplets of SU(1, 1|2)× SL(2,R)× SU(2) provides
a further consistency check of the supersymmetric invari-
ance of the off-shell GB action (10).
Unitarity requires h¯ > 0 and h > j ≥ 0; thus,
α′ > 0 implies only the first and fourth series of the long
multiplets can be unitary, with the restriction ℓ ≤ ̺2
α′
.
However, unitarity of the representations carried by the
linearized modes means only that these modes are not
tachyonic. Unitarity of the modes requires the Hamilto-
nian to be bounded from below. In fact, the B ∧ R ∧ R
and B ∧ F ∧ F terms in the GB action induce Chern-
Simons couplings in 3D via compactification on S3, and
an Ostrogradsky-type analysis in the manner of [43]
shows that the Hamiltonian of the massive modes carry-
ing unitary representations are in fact unbounded from
below. These nontachyonic ghostlike modes may encode
the information of the massive string states propagat-
ing in the supersymmetric AdS3× S3× K3(T4) target
space. The remaining modes carrying nonunitary rep-
resentations are tachyonic and nonrenormalizable. They
may be removed from the spectrum by imposing proper
boundary conditions.
Outlook.—The new GB invariant (10), together with
the Riemann [23–26] and scalar curvature squared [44]
combinations, allows one to construct all off-shell N =
(1, 0) curvature squared invariants in six dimensions.
These results give the opportunity to extend known
supergravity-matter models by including four-derivative
invariants. By having full control of the off-shell super-
symmetry transformations, one could determine whether
BPS solutions of the two-derivative theory are solutions
of the four-derivative ones.
In this letter, we studied the AdS3×S3 solution arising
from the near horizon limit of the dyonic string. How-
ever, we have not checked whether the full dyonic string,
interpolating between the AdS3 × S3 and Minkowski6, is
unmodified by the GB invariant. It will be interesting
to explore the full solution in the Einstein-Gauss-Bonnet
supergravity, from which one can also extract the central
charge of the dual 2D SCFT.
Compactifications to 4D of the GB invariant are also
of interest. For instance, the string-string-string duality
observed in the 4D STU model can be extended to in-
clude the higher-derivative corrections by reducing the
the 6D N = (1, 0) Einstein-Gauss-Bonnet supergravity
on a 2-torus [45].
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